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INTEGRATION_BEFORE_AFTER THEORY

1 integration_before_after Theory

Built: 19 July 2018
Parent Theories: normal_rv_hvg

1.1 Definitions

[CDF_def]
FVp X t. CDF p X ¢ = distribution p X {y | y < t}

[cont_CDF_def]
FVp X. cont_CDF p X <= Vz. (Az. real (CDF p X =z)) contl z

[distributed_def]

FVp M X f.
distributed p M X f <—
X €
measurable (m_space p,measurable_sets p)
(m_space M ,measurable_sets M) A
f € measurable (m_space M ,measurable_sets M) Borel A
AE M {z | 0<fa} A (distr p M X = density M f)

[measurable_CDF_def]

FVp X.
measurable_CDF p X <=
(Az. CDF p X z) € measurable borel Borel

1.2 Theorems

[ABS_BOUNF_LT]
FVz k. abs z < k < -k <z ANzxz<k

[after_event_integration]

FVX Y p M t.
measure_space M A sigma_finite_measure M A prob_space p A
indep_.var p M X M Y A
sigma_finite_measure (distr p M X) A
sigma_finite_measure (distr p M Y) A
vVt.
{w,w) | w<uAN0O<uAu<li}e
measurable_sets (pair_measure M M)) A
A (z,y).
indicator_fn {u | 0 < w A u < t} y X
indicator_fn {w | w < y} z) €
measurable
(m_space (pair_measure (distr p M X) (distr p M Y)),
measurable_sets
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(pair_measure (distr p M X) (distr p M Y))) Borel A

(Vy. {w | w < y} € measurable_sets M) A
~Vn z.

PREIMAGE X {y | z -1/ &UCn <y Ay <z}N

p_space p € events p A

PREIMAGE X {y | y < z} N p_space p € events p A
PREIMAGE X {y | y < x} N p_space p € events p A
PREIMAGE X {y | y < 2 -1 / &SUC n} N p_space p €

events p) A

(Wz. PREIMAGE X {y | y = z} N p_space p € events p) A
(Vz. (Az. real (CDF p X z)) contl 2) =
(prob p

(PREIMAGE (Az. (X z,Y z))

{w,w) | w<uAO<uAu<t} N p_space p) =
pos_fn_integral (distr p M Y)

(Ay. indicator_fn {uv | 0 < u A uw < t} y X CDF p X y))

[after_set_BIGUNION_IN_MESURABLE_SETS]
FVtq.

{u | u<real ¢} x {w | real g < w A0 < w A w <t} €
measurable_sets (pair_measure lborel lborel)

[after_set_BIGUNION_Q]

F Vit
BIGUNION
{{u | v < real ¢} x {w | real g < w A0 < w A w < ¢t} |
g € Q_set} =
{(u,a) l u<aAN0O<aAac<t}

[after_set_IN_MEASURABLE_SETS_PAIR_lborel]
FVit.

{(u,a) l u<aNO0<aAa<t}e
measurable_sets (pair_measure lborel lborel)

[before_event_integration]
FVYX Y p Mt
measure_space M A sigma_finite_measure M A prob_space p A
indep_var p M X M Y A
sigma_finite_measure (distr p M X) A
sigma_finite_measure (distr p M Y) A
A (z,y).
indicator_fn {w | 0 < w A w < t} z X
indicator_fn {u | = < u} y) €
measurable

(m_space (pair_measure (distr p M X) (distr p M Y)),
measurable_sets
(pair_measure (distr p M X) (distr p M Y))) Borel A
(WVz. {w | w > 2z} € measurable_sets M) A
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(Vz. PREIMAGE Y {y |
(Vz. PREIMAGE Y {y |

y < x} N p_space p € events p) A
y >z} Np
~Vr.

_space p € events p) A

{w,w) 1 0<wAw<7rAw<au}e
measurable_sets (pair_measure M M)) =
(prob p
(PREIMAGE (M\z. (X z,Y x))
{w,w) 1 0 < wAw<tAw< u} N p_space p)
pos_fn_integral (distr p M X)
z.
indicator_fn {w | 0 < w A w < t} z X
(1 -CDF p Y X))

[before_set_BIGUNION_IN_MESURABLE_SETS]
FVtgq.

{ul u<real g AO < uAu<t}x{w]l real ¢ < w} €
measurable_sets (pair_measure lborel lborel)

[before_set_BIGUNION_Q]

F Vi,
BIGUNION
H{u l v <real g NO < u A u<t}x{wl real ¢ < w} |
q € Q_set} =
{w,a) l u<aAO0<uAu<t}

[before_set_IN_MEASURABLE_SETS_PAIR_lborel]
-Vt

{(u,a) l u<aNO0O<uAu<ti}e
measurable_sets (pair_measure lborel lborel)

[CDF_after_integration]
FVX Y p M t.
measure_space M A sigma_finite_measure M A prob_space p A
indep_.var p M X M Y A
sigma_finite_measure (distr p M X) A
sigma_finite_measure (distr p M Y) A
A (z,y).
indicator_fn {u | 0 < u A u < t} y X
indicator_fn {w | w < y} z) €
measurable

(m_space (pair_measure (distr p M X) (distr p M Y)),
measurable_sets
(pair_measure (distr p M X) (distr p M Y))) Borel A

Vy. {w | w < y} € measurable_sets M) A
Vn z.

PREIMAGE X {y | =

p_space p € events p
PREIMAGE X {y | y <

1/7&UCn<yAy<z}nN
AN

x} N p_space p € events p A
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PREIMAGE X {y | y < } N p_space p € events p A
PREIMAGE X {y | y < 2 -1 / &SUC n} N p_space p €
events p) A
(Wz. PREIMAGE X {y | y = z} N p_space p € events p) A
(Vz. (Az. real (CDF p X z)) contl 2) =
(pos_fn_integral
(pair_measure (distr p M X) (distr p M Y))
A\ (z,y).
indicator_fn {(w,uw) | w < u A0 < u A u <t}
(z,y)) =
pos_fn_integral (distr p M Y)
(Ay. indicator_fn {u | 0 < uw A uw < t} y x CDF p X 9))

[CDF_after_integration_2]
FVYX Y p M fyt.
measure_space M A sigma_finite_measure M A prob_space p A
indep_.var p M X M Y A
sigma_finite_measure (distr p M X) A
sigma_finite_measure (distr p M Y) A
A (z,y).
indicator_fn {u | 0 < u A u < t} y X
indicator_fn {w | w < y} z) €
measurable
(m_space (pair_measure (distr p M X) (distr p M Y)),
measurable_sets
(pair_measure (distr p M X) (distr p M Y))) Borel A
(Vy. {w | w < y} € measurable_sets M) A
distributed p M Y fy A
~Vn z.
PREIMAGE X {y | =
p_space p € events p
PREIMAGE X {y | y <
PREIMAGE X {y | y <
PREIMAGE X {y | y <
events p) A
(Vx. PREIMAGE X {y | y = 2} N p_space p € events p) A
(Vz. (Az. real (CDF p X z)) contl z) =
(pos_fn_integral
(pair_measure (distr p M X) (distr p M Y))
A\ (z,y).
indicator_fn {(w,uw) | w < u A0 < u A u <t}
(z,y)) =
pos_fn_integral (demsity M fy)
(Ay. indicator_fn {uv | 0 < u A uw < t} y X CDF p X y))

1/7&UCn<yAy<z}N

} N p_space p € events p A
} N p_space p € events p A
/

A
T
T
z -1/ &UC n} N p_space p €

[CDF_after_PDF_integration]
FYX Y p M fy t.

measure_space M A sigma_finite_measure M A prob_space p A
indep_.var p M X M Y A
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sigma_finite_measure (distr p M X) A
sigma_finite_measure (distr p M Y) A
A (z,y).
indicator_fn {u | 0 < u A u < t} y x
indicator_fn {w | w < y} z) €
measurable
(m_space (pair_measure (distr p M X) (distr p M Y)),
measurable_sets
(pair_measure (distr p M X) (distr p M Y))) Borel A
Vy. {w | w < y} € measurable_sets M) A
distributed p M Y fy A
(Ay. indicator_fn {u | 0 < u A u < t} y x CDF p X y) €
measurable (m_space M ,measurable_sets M) Borel A
My. 0 <CDF p X y) A (Vy. 0 < fy ) A
~Vn z.
PREIMAGE X {y | =
p_space p € events p
PREIMAGE X {y | y <
PREIMAGE X {y | y <
PREIMAGE X {y | y <
events p) A
(Vz. PREIMAGE X {y | y = z} N p_space p € events p) A
(Vz. (Az. real (CDF p X z)) contl z) =
(pos_fn_integral
(pair_measure (distr p M X) (distr p M Y))
A (z,y).
indicator_fn {(w,uw) | w < u A0 < u A u <t}
(z,y)) =
pos_fn_integral M
Ay.
fyy x
(indicator_fn {u | 0 < u A uw < ¢t} y X CDF p X y)))

1/7&UCn<yAy<z}nN

} N p_space p € events p A
} N p_space p € events p A
/

A
T
T
x -1/ &UC n} N p_space p €

[CDF_after_PDF_integration_general]

FVYX Y p Mfyt
measure_space M A sigma_finite_measure M A prob_space p A
indep_var p M X M Y A
sigma_finite_measure (distr p M X) A
sigma_finite_measure (distr p M Y) A
vVt.
{w,u) | w<uA0O<uAu<t)e
measurable_sets (pair_measure M M)) A
A (z,y).
indicator_fn {u | 0 < u A u < t} y X
indicator_fn {w | w < y} z) €
measurable
(m_space (pair_measure (distr p M X) (distr p M Y)),
measurable_sets

(pair_measure (distr p M X) (distr p M Y))) Borel A
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(Vy. {w | w < y} € measurable_sets M) A

distributed p M Y fy A

(Ay. indicator_fn {u | 0 < u A uw < ¢t} y x CDF p X y) €

measurable (m_space M ,measurable_sets M) Borel A

~Vy. 0 < fy y) A

(My. 0 < CDF p X y) A

~Vn x.
PREIMAGE X {y | =
p_space p € events
PREIMAGE X {y | y
PREIMAGE X {y | y
PREIMAGE X {y | y
events p) A

p
<
<
<

1/7&UCn <y Ay<z}nN

A
T
T
T

1N
1N

-1

p-
p-
/

space p € events p A
space p € events p A
&3SUC n} N p_space p €

(Vxz. PREIMAGE X {y | y = ¢} N p_space p € events p) A
(Vz. (Az. real (CDF p X z)) contl 2) =

(prob p

(PREIMAGE (M\z. (X z,Y =z))
{(w,w) | w<uAO<uAu<<t} N p_space p) =

pos_fn_integral M
\y.
fyy x

(indicator_fn {u | 0 < u A w < ¢t} y X CDF p X y)))

[CDF_before_integration]
FYX Y p M t.

measure_space M A sigma_finite_measure M A prob_space p A

indep_.var p M X M Y A
sigma_finite_measure (distr p M X) A
sigma_finite_measure (distr p M Y) A

A (z,y).

indicator_fn {w | 0 < w A w < t} z X
indicator_fn {u | = < u} y) €

measurable

(m_space (pair_measure (distr p M X) (distr p M Y)),

measurable_sets

(pair_measure (distr p M X) (distr p M Y))) Borel A

V2. {w | w > z} € measurable_sets M) A
(Wz. PREIMAGE Y {y | y < z} N p_space p € events p) A

(Vz. PREIMAGE Y {y | y > =} N p_space p € events p) =

(pos_fn_integral

(pair_measure (distr p M X) (distr p M Y))

A (z,y).

indicator_fn {(w,uw) | 0 < w A w <t AN w < u}

(z,y)) =

pos_fn_integral (distr p M X)

\z.

indicator_fn {w | 0 < w A w < t} z X
(1-CDF p Y 2)))

[CDF__before_integration_2]
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FVX Y p M fxt.
measure_space M A sigma_finite_measure M A prob_space p A
indep_var p M X M Y A
sigma_finite_measure (distr p M X) A
sigma_finite_measure (distr p M Y) A
A (z,y).
indicator_fn {w | 0 < w A w < t} z X
indicator_fn {u | = < u} y) €
measurable
(m_space (pair_measure (distr p M X) (distr p M Y)),
measurable_sets
(pair_measure (distr p M X) (distr p M Y))) Borel A
Vz. {w | w > z} € measurable_sets M) A
distributed p M X fr A
(Vz. PREIMAGE Y {y | y
(Vz. PREIMAGE Y {y | y
(pos_fn_integral
(pair_measure (distr p M X) (distr p M Y))

_space p € events p) A

<z}Nnp
> z} N p_space p € events p) =

A (z,y).
indicator_fn {(w,u) | 0 < w A w < t AN w < u}
(x,y)) =
pos_fn_integral (density M fr)
\z.

indicator_fn {w | 0 < w A w < t} z X
(1 -CDF p Y 2)))

[CDF_before_PDF_integration]
FVX Y p M frt.

measure_space M A sigma_finite_measure M A prob_space p A
indep_.var p M X M Y A
sigma_finite_measure (distr p M X) A
sigma_finite_measure (distr p M Y) A
A (z,y).
indicator_fn {w | 0 < w A w < t} z X
indicator_fn {u | z < u} y) €
measurable
(m_space (pair_measure (distr p M X) (distr p M Y)),
measurable_sets
(pair_measure (distr p M X) (distr p M Y))) Borel A
Vz. {w | w > z} € measurable_sets M) A
distributed p M X fr A
(Vz. PREIMAGE Y {y | y x} N p_space p € events p) A
(Vz. PREIMAGE Y {y | y > z} N p_space p € events p) A
(Az. indicator_fn {w | 0 < w A w < t} z x (1 -CDF p Y 2)) €
measurable (m_space M ,measurable_sets M) Borel A
Wz. 0<1-CDFp VY z) AN Vz. 0 < fx z) =
(pos_fn_integral
(pair_measure (distr p M X) (distr p M Y))
A\ (z,y).

<
>
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indicator_fn {(w,u) | 0 < w A w <t A w< u}
(z,y)) =
pos_fn_integral M
\z.
fr x x
(indicator_fn {w | 0 < w A w < t} z X
(1 -CDF p Y 2))))

[CDF__before_PDF_integration_general]

FVYX Y p M frt
measure_space M A sigma_finite_measure M A prob_space p A
indep_.var p M X M Y A
sigma_finite_measure (distr p M X) A
sigma_finite_measure (distr p M Y) A
A (z,y).
indicator_fn {w | 0 < w A w < t} z X
indicator_fn {u | = < u} y) €
measurable
(m_space (pair_measure (distr p M X) (distr p M Y)),
measurable_sets
(pair_measure (distr p M X) (distr p M Y))) Borel A
V2. {w | w > z} € measurable_sets M) A
distributed p M X fr A
(Wz. PREIMAGE Y {y | y < z} N p_space p € events p) A
(Vxz. PREIMAGE Y {y | y > z} N p_space p € events p) A
(Az. indicator_fn {w | 0 < w A w < t} = x (1 -CDF p Y 2)) €
measurable (m_space M ,measurable_sets M) Borel A
Wz. 0<1-CDFp VY z) A (WVz. 0 < fr x) A
{w,w) 10 < wAw<<tAw<u}e
measurable_sets (pair_measure M M) =

(prob p
(PREIMAGE (\z. (X z,Y 1))
{w,u) 1 0 <wAw<tAw<u} N p_space p) =
pos_fn_integral M
\z.
fr z x

(indicator_fn {w | 0 < w A w < t} 2 X
(1 -CDF p Y 2))))

[CDF_def2]

FVp X z.

prob_space p A

Vn.
PREIMAGE X {y | 2 -1 /&UCn <y Ay <az}nN
p_space p € events p
PREIMAGE X {y | y <
PREIMAGE X {y | y <
PREIMAGE X {y | y <
events p) A

} N p_space p € events p A
} N p_space p € events p A
/

A
T
T
z -1/ &SUC n} N p_space p €

10
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PREIMAGE X {y | y = 2} N p_space p € events p A
(Vz. (Az. real (CDF p X z)) contl z) =
(CDF p X x = prob p (PREIMAGE X {y | y < z} N p_space p))

[CDF_integral_indicator]

FYXpt M.
random_variable X p (m_space M ,measurable_sets M) A
measure_space M A {y | y < t} € measurable_sets M =
(CDF p X t =
integral (distr p M X) (indicator_fn {y | y < ¢}))

[CDF_INTERVAL]

FVp X ab.
a < b A prob_space p A
PREIMAGE X {y | y < a} N p_space p € events p A
PREIMAGE X {y | a < y Ay < b} N p_space p € events p =
(distribution p X {y | a <y Ay < b} =
CDF p X b - CDF p X a)

[CDF _pos]|

FVp Xt M.
random_variable X p (m_space M ,measurable_sets M) A
{y | y <t} € measurable_sets M =
0 < CDF p X ¢

[CDF_pos_fn_integral_indicator]

FVX pt M.
random_variable X p (m_space M ,measurable_sets M) A
measure_space M A {y | y < t} € measurable_sets M =
(CDF p X ¢ =
pos_fn_integral (distr p M X)
(Az. indicator_fn {y | y < t} z))

[CDF_pos_fn_integral_indicatori]

FYX pt M.
random_variable X p (m_space M ,measurable_sets M) A
measure_space M A (Vt. {y | y < t} € measurable_sets M) =
(CDF p X ¢ =

pos_fn_integral (distr p M X)
(Az. indicator_fn {y | y < t} z))

[CONT_PROB_POINT_O]

FVp X z.
prob_space p A
Vn.
PREIMAGE X {y | z -1/ &UCn <y Ay <z}N
p_space p € events p A
PREIMAGE X {y | y < 2} N p_space p € events p A

11
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PREIMAGE X {y | y <z - 1/ &SUC n} N p_space p €
events p) A

PREIMAGE X {y | y = ©} N p_space p € events p A
(Vz. (Az. real (CDF p X z)) contl 2) =
(prob p (PREIMAGE X {y | y = z} N p_space p) = 0)

[CONT_PROB_POINT_EQ_O]

FVp X =z

prob_space p A

Vn.
PREIMAGE X {y | 2 -1/ &UCn <y Ay <z}nN
p_space p € events p A
PREIMAGE X {y | y < x} N p_space p € events p A
PREIMAGE X {y | y <z -1/ &SUC n} N p_space p €
events p) A

PREIMAGE X {y | y = 2} N p_space p € events p A

(Vz. (Ax. real (CDF p X z)) contl z) =

(real (prob p (PREIMAGE X {y | y = =} N p_space p)) = 0)

[CONT_PROB_ZERO_POINT]

FVp X z.

prob_space p A

~n.
PREIMAGE X {y | 2 -1/ &UCn <y Ay <z}n
p_space p € events p A
PREIMAGE X {y | y < 2} N p_space p € events p A
PREIMAGE X {y | y < 2 -1 / &SUC n} N p_space p €
events p) A

PREIMAGE X {y | y = 2} N p_space p € events p A

(Vz. (Az. real (CDF p X z)) contl 2) =

real (prob p (PREIMAGE X {y | y = 2} N p_space p)) < 0

[distribution_lebesgue_thm2_2_rv|

FYX Y p M A.

measure_space M’ A sigma_finite_measure M’ A
random_variable X p (m_space M',measurable_sets M’') A
random_variable Y p (m_space M’,measurable_sets M’) A
A € measurable_sets (pair_measure M' M') =
(distribution p (Az. (X z,Y z)) A =

integral (distr p (pair_measure M’ M’) (Az. (X z,Y z)))
(indicator_fn A))

[distribution_lebesgue_thm2_distr]
FVYX p M A.

measure_space M A

random_variable X p (m_space M ,measurable_sets M) A
A € measurable_sets M =

(distribution p X A =

integral (distr p M X) (indicator_fn A))

12
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[distribution_lebesgue_thm2_function_2]

FVX p M A.

random_variable X p
(m_space (pair_measure M’ M'),
measurable_sets (pair_measure M’ M')) A

A € measurable_sets (pair_measure M’ M') =

(distribution p X A =

integral (distr p (pair_measure M’ M’) X)
(indicator_fn A))

[distribution_lebesgue_thm2_pos_fn]

FVX p M A.
measure_space M A
random_variable X p (m_space M ,measurable_sets M) A
A € measurable_sets M =
(distribution p X A =
pos_fn_integral (distr p M X) (indicator_fn A))

[eq_sub_ladd]
FVYz y z.

2z # NegInf A z # PosInf = ((z =y - 2) <= (z + 2z = y))
[event_after]

FVX Y t.
{wl Xw<YwAYw<t}=
PREIMAGE (A\z. (X z,Y 2)) {(u,a) | u < a A a < t}

[event_afteri]

FVX Y ¢t.
{wl Xw<YwAYw<tr=
PREIMAGE (A\z. (X z,Y 2)) {(u,a) | u < a A a

IN

t}
[event _BEFORE]

FVX Y ¢.
{lwl Xw<tA0<XwAXw<Y w}
PREIMAGE (A\z. (X z,Y 2)) {(u,a) | u <t A0 < u A u<a}

[extreal_le_eq|

F Vz y. Normal z < Normal y <= z < y

[extreal_real_eq]

F Ve y.
x # PosInf A z # NegInf A y # PosInf A y # Neglnf =
((real z = real y) <= (x = y))

13
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[extreal_real_le]

F VY y.
x # PosInf A z # NegInf A y # PosInf A y # Neglnf =
(real y < real z <— y < )

[extreal _real_lt]

FVYz y.
x # PosInf A z # Neglnf A y # PosInf A y # Neglnf =
(real y < real z < y < )

[extreal_real_sub_eq]

FVYz y z.
x # PosInf A z # NegInf A y # PosInf A y # Neglnf A
z # PosInf A z # Neglnf =
((real z = real - real y) <= (z =12 - ¥y))

[EXTREAL_SUM_IMAGE_FUN_MUL]

F Vs.
FINITE s =
Vi Y.
~Vz. z € s = f x # NegInf) V
~Vz. z € s = f x # PosInf) =
Vy.
SIGMA (Az. Normal (Y ) X f z) s =
Normal (Y y) x SIGMA f s

[IN_REST]
F Ve s. 2 € REST s <= 1z € s A ¢ # CHOICE s

[indicator_fn_not_eq_infty]

F Vs z. indicator_fn s z # PosInf A indicator_fn s z # NegInf

[indicator_mul_pos_le|

FVA Bz y. 0 < indicator_fn A z X indicator_fn B y

[indicator_of_indicator_after]

FVYz yt.
indicator_fn {(w,w) | w < u A
indicator_fn {u | 0 < u A u < t} y
indicator_fn {w | w < y} z

ANu <t} (z,y)

x &

[indicator_of_indicator_before]

FVz y t.
indicator_fn {(u,w) | v <t A0 < u A u< w} (z,y) =

indicator_fn {u | 0 < u A u < t} z X
indicator_fn {w | z < w} y

14
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[integral_pos_fn_distr]

FVMp X A.
measure_space M A
random_variable X p (m_space M ,measurable_sets M) A
A € measurable_sets M =
(pos_fn_integral (distr p M X) (indicator_fn A) =
integral (distr p M X) (indicator_fn A))

[integral_pos_fn_indicator]

Fvm A.
measure_space m =
(integral m (indicator_fn A) =
pos_fn_integral m (indicator_fn A))

[LE_UNION_GT]

FVp X t.
prob_space p =
(PREIMAGE X U(:real) N p_space p =
PREIMAGE X {y | y < t} N p_space p U
PREIMAGE X {y | y > ¢t} N p_space p)

[lemmal]
FYM Y B f.
measure_space M A (Vz. z € m_space M = 0 < f z) =
((Ay.
pos_fn_integral M
(Az. Normal (real (indicator_fn B y)) X f z)) =
\y.
Normal (real (indicator_fn B y)) X
pos_fn_integral M (Az. f z)))
[lemma2]
FYM Y B f.
measure_space M A (Vz. z € m_space M = 0 < f z) =
((Ay.

pos_fn_integral M
(Az. Normal (real (indicator_fn B y)) X f z)) =
(Ay. indicator_fn B y X pos_fn_integral M (Az. f x)))

[lemma2_indicator_mul_after]

FYX Y p Mt
measure_space M A sigma_finite_measure M A prob_space p A
indep_.var p M X M Y A
sigma_finite_measure (distr p M X) A
sigma_finite_measure (distr p M Y) A
A\ (z,y).
indicator_fn {u | 0 < u A u < t} y x
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indicator_fn {w | w < y} z) €
measurable
(m_space (pair_measure (distr p M X) (distr p M Y)),
measurable_sets
(pair_measure (distr p M X) (distr p M Y))) Borel =
(pos_fn_integral
(pair_measure (distr p M X) (distr p M Y))

A (z,y).
indicator_fn {(w,uw) | w < u A0 < u A u <t}
(z,y)) =
pos_fn_integral (distr p M Y)
\y.

indicator_fn {u | 0 < u A u < t} y X
pos_fn_integral (distr p M X)
(Az. indicator_fn {w | w < y} z)))

[lemma2_indicator_mul_before]

FVX Y p M t.
measure_space M A sigma_finite_measure M A prob_space p A
indep_var p M X M Y A
sigma_finite_measure (distr p M X) A
sigma_finite_measure (distr p M Y) A
A (z,y).
indicator_fn {w | 0 < w A w < t} z X
indicator_fn {u | = < u} y) €
measurable
(m_space (pair_measure (distr p M X) (distr p M Y)),
measurable_sets
(pair_measure (distr p M X) (distr p M Y))) Borel =
(pos_fn_integral
(pair_measure (distr p M X) (distr p M Y))

A (x,y) .
indicator_fn {(w,uw) | 0 < w A w <t AN w < u}
(x,y)) =
pos_fn_integral (distr p M X)
\z.

indicator_fn {w | 0 < w A w < t} z X
pos_fn_integral (distr p M Y)
(Ay. indicator_fn {u | = < u} y)))

[lemma3|

FVYM B f.
measure_space M A (Vz. z € m_space M = 0 < f z) =
((Ay. pos_fn_integral M (Az. indicator_fn B y X f z)) =
(Ay. indicator_fn B y X pos_fn_integral M (\z. f z)))

[lemma3_indicator_mul_after]

FVX Y pt.
prob_space p A indep_var p lborel X lborel Y =

16
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(pos_fn_integral
(pair_measure (distr p lborel X) (distr p lborel Y))

A (z,y).
indicator_fn {(w,uw) | w < u A0 < u A u <t}
(x,y)) =
pos_fn_integral (distr p lborel Y)
My.

indicator_fn {u | 0 < u A u < ¢t} y X
pos_fn_integral (distr p lborel X)
(Az. indicator_fn {w | w < y} z)))
[lemma3_indicator_mul_before]
FVX Y pt.
prob_space p A indep_var p lborel X lborel Y =
(pos_fn_integral
(pair_measure (distr p lborel X) (distr p lborel Y))

A\ (z,y).
indicator_fn {(w,u) | 0 < w A w <t A w < u}
(z,y)) =
pos_fn_integral (distr p lborel X)
Az.

indicator_fn {w | 0 < w A w < t} z X
pos_fn_integral (distr p lborel Y)
(Ay. indicator_fn {u | =z < u} ¥)))

[lemma_indicator_mul_after]
FVX Y p M t.
measure_space M A sigma_finite_measure M A prob_space p A
indep_.var p M X M Y A
sigma_finite_measure (distr p M X) A
sigma_finite_measure (distr p M Y) A
A (z,y).
indicator_fn {u | 0 < u A u < t} y X
indicator_fn {w | w < y} z) €
measurable

(m_space (pair_measure (distr p M X) (distr p M Y)),
measurable_sets

(pair_measure (distr p M X) (distr p M Y))) Borel =
(pos_fn_integral

(pair_measure (distr p M X) (distr p M Y))

A\ (z,y).
indicator_fn {(w,uw) | w < u A0 < u A u <t}
(x,y)) =
pos_fn_integral (distr p M Y)
Ay.

pos_fn_integral (distr p M X)
(Az.
indicator_fn {u | 0 < u A u < t} y X
indicator_fn {w | w < y} 2)))
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[lemma_indicator_mul_before]

FVX Y p M t.
measure_space M A sigma_finite_measure M A prob_space p A
indep_.var p M X M Y A
sigma_finite_measure (distr p M X) A

sigma_finite_measure (distr p M Y) A
A (z,y).

indicator_fn {u | 0 < u A u < t} 2 X
indicator_fn {w | z < w} y) €
measurable

(m_space (pair_measure (distr p M X) (distr p M Y)),
measurable_sets

(pair_measure (distr p M X) (distr p M Y))) Borel =
(pos_fn_integral

(pair_measure (distr p M X) (distr p M Y))

A\ (z,y).
indicator_fn {(w,uw) | 0 < w A w <t A w < u}
(z,y)) =
pos_fn_integral (distr p M X)

\Mz.

pos_fn_integral (distr p M Y)
\y.

indicator_fn {u | 0 < u A u < t} x x
indicator_fn {w | z < w} ¢)))
[MEASURE_SPACE_BIGUNION_Q]
FVm s.

measure_space m A

(Vn. n € Q_set = s n € measurable_sets m) =

BIGUNION (IMAGE s Q_set) € measurable_sets m
[minus_x_not_infty]

F Vz. x # PosInf A z # NegInf = -z # NegInf A -z # PosInf

[mul_extreal_not_infty]
F Ve y.
x # PosInf A z # NegInf A y # PosInf A y # Neglnf =
x X y # PosInf A z X y # Neglnf
[pos_fn_integral_density]
FYfg M.
measure_space M A

f € measurable (m_space M ,measurable_sets M) Borel A
AEM {z10<fa}A

g € measurable (m_space M ,measurable_sets M) Borel A
~Vz. 0 < g x) =

(pos_fn_integral (density M f) (Az. max 0 (g z)) =
pos_fn_integral M (Az. max 0 (f = X g x)))

18
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[pos_fn_integral_density_1]
FVYfg M.

measure_space M A
f € measurable (m_space M ,measurable_sets M) Borel A
V. 0 < fa) NAEM {z | 0<fa} A
g € measurable (m_space M ,measurable_sets M) Borel A
~Vz. 0 < g 2) =
(pos_fn_integral (demsity M f) (A\z. g z) =
pos_fn_integral M (Az. f =z x ¢ z))

[pos_fn_integral_distr’_x|
FVtf M M.
measure_space M A measure_space M’ A
t €
measurable (m_space M ,measurable_sets M)
(m_space M',measurable_sets M’) A
Az. 2) €
measurable

(m_space (distr M M’ t),measurable_sets (distr M M’ t))
Borel A (Vz. 0 < z) =

(pos_fn_integral (distr M M’ t) (Az. max 0 z) =
pos_fn_integral M (Az. max 0 (¢ 2)))

[pos_fn_integral_distr’_x2]

FVYtf M M.
prob_space M A measure_space M’ A
t e

measurable (p_space M ,events M)
(m_space M',measurable_sets M’') A
Az. z) €
measurable
(m_space (distr M M’ t),measurable_sets (distr M M’ t))
Borel A (Wz. 0 < z) =
(pos_fn_integral (distr M M’ ¢) (Az. max 0 z) =
pos_fn_integral M (Az. max 0 (¢ 2)))

[pos_fn_integral_distr’x_random_variable]
FvYe f M.
prob_space M A
t €
measurable (p_space M ,events M)
(m_space lborel,measurable_sets lborel) A
f e
measurable
(m_space (distr M 1lborel t),
measurable_sets (distr M 1borel t)) Borel A
VWz. 0L f 1) =
(pos_fn_integral (distr M 1lborel t) (Az. max 0 (f z)) =
pos_fn_integral M (Az. max 0 (f (¢ 2))))
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[pos_fn_integral_fun_mul]

FVYM Y f.
measure_space M A (Vz. z € m_space M = 0 < f 2) A
Vy. 0 <Y o) =
((\y. pos_fn_integral M (Az. Normal (Y y) X f z)) =
(Ay. Normal (Y y) x pos_fn_integral M (Az. f x)))

[pos_fn_integral_gt_CDF]

FVYMp X ¢.

random_variable X p (m_space M ,measurable_sets M) A

PREIMAGE X {y | y < t} N p_space p € events p A

PREIMAGE X {y | y > ¢} N p_space p € events p A

measure_space M A (Vt. {y | y > t} € measurable_sets M) =

(pos_fn_integral (distr p M X)
(Az. indicator_fn {y | y > ¢} z)

1 -CDF p X t)

[pos_simple_fn_integral_fun_mul]

FVmfsaz Y y.
measure_space m A pos_simple_fn m f s a z A (Vy. 0 < YV y) =
pos_simple_fn m (Az. Normal (Y y) X f z) s a
Ni. Yy xz 1) A
(pos_simple_fn_integral m s a (Ai. Y y X z i) =
Normal (Y y) X pos_simple_fn_integral m s a x)

[prob_after]

FYX Y p fyt.
prob_space p A indep_var p lborel X lborel Y A
distributed p lborel Y fy A Wy. 0 < fy y) A
cont_CDF p X A measurable _CDF p X =
(prob p
(PREIMAGE (Az. (X z,Y z))
{w,v) | w<uANO<uAu<t} N p_space p) =
pos_fn_integral lborel
\y.
fy y x
(indicator_fn {u | 0 < u A w < ¢t} y X CDF p X ¢)))

[PROB_AT_POINT1]

FVp X z n.
prob_space p A
PREIMAGE X {y | -1/ &UC n < y Ay < z} N p_space p €
events p A PREIMAGE X {y | y = 2} N p_space p € events p =
prob p (PREIMAGE X {y | y = 2z} N p_space p) <
distribution p X {y | z -1/ &UCn <y Ay <z}
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[prob_before]

FYX Y p fxt.
prob_space p A indep_var p lborel X lborel Y A
distributed p lborel X fr A (WVz. 0 < fx z) A
measurable_CDF p YV =
(prob p
(PREIMAGE (\z. (X z,Y 1))
{w,w) 1 0 <wAw<tANw< u} N p_space p) =
pos_fn_integral lborel
Az.
fr z x
(indicator_fn {w | 0 < w A w < t} 2 X
(1 -CDF p Y 2))))

[prob_event]

FVX p A.
random_variable X p
(m_space lborel,measurable_sets lborel) A
A € measurable_sets lborel =
(prob p (PREIMAGE X A N p_space p) =
integral (distr p lborel X) (indicator_fn A))

[prob_event_2indep_rv|

FYX Y p M A.
measure_space M’ A sigma_finite_measure M’ A
prob_space p A indep_var p M' X M' Y A
A € measurable_sets (pair_measure M’ M’') =
(prob p (PREIMAGE (Az. (X z,Y z)) A N p_space p) =
integral (distr p (pair_measure M’ M') (\z. (X z,Y z)))
(indicator_fn A))

[prob_event_2indep_rv_1]
FYX Y p M A.

measure_space M’ A sigma_finite_measure M’ A

prob_space p A indep_var p M’ X M' Y A

A € measurable_sets (pair_measure M’ M') A

sigma_finite_measure (distr p M’ X) A

sigma_finite_measure (distr p M’ V) =

(prob p (PREIMAGE (Az. (X =z,Y z)) A N p_space p) =

integral (pair_measure (distr p M’ X) (distr p M’ Y))
(indicator_fn A))

[prob_event_2indep_rv_PREIMAGE_A]
FYX Y p M A B.

measure_space M’ A sigma_finite_measure M’ A
prob_space p A indep_var p M' X M' Y A

A € measurable_sets (pair_measure M’ M') A
sigma_finite_measure (distr p M’ X) A
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sigma_finite_measure (distr p M’ Y) =
(prob p (PREIMAGE (Az. (X z,Y z)) A N p_space p) =
pos_fn_integral
(pair_measure (distr p M’ X) (distr p M’ Y))
(indicator_fn A))

[prob_event_2rv]

FYX Y p M A.
measure_space M’ A sigma_finite_measure M’ A
random_variable X p (m_space M',measurable_sets M’') A
random_variable Y p (m_space M’,measurable_sets M’) A
A € measurable_sets (pair_measure M’ M') =
(prob p (PREIMAGE (Az. (X z,Y z)) A N p_space p) =
integral (distr p (pair_measure M’ M’') (Az. (X z,Y x)))

(indicator_fn A))

[prob_event_gen]

FVX M p A.
random_variable X p (m_space M ,measurable_sets M) A
A € measurable_sets M A measure_space M =
(prob p (PREIMAGE X A N p_space p) =
integral (distr p M X) (indicator_fn A))

[prob_event_le]

FVYXpt M.
random_variable X p (m_space M ,measurable_sets M) A
measure_space M A {y | y < t} € measurable_sets M =
(prob p (PREIMAGE X {y | y < t} N p_space p) =
integral (distr p M X) (indicator_fn {y | y < t}))

[prob_gt_1_le]

FVp X t.
prob_space p A
PREIMAGE X {y | y < ¢t} N p_space p € events p A
PREIMAGE X {y | y > t} N p_space p € events p =
(prob p (PREIMAGE X {y | y > t} N p_space p) =
1 - prob p (PREIMAGE X {y | y < t} N p_space p))

[prob_gt_CDF]

FVp X t.
prob_space p A
PREIMAGE X {y | y < t} N p_space p € events p A
PREIMAGE X {y | y > t} N p_space p € events p =
(prob p (PREIMAGE X {y | y > t} N p_space p) =
1 -CDF p X 1)
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[prob_gt_pos_fn_integral]

FVp Xt M.
random_variable X p (m_space M ,measurable_sets M) A
measure_space M A (Vt. {y | y > t} € measurable_sets M) =
(prob p (PREIMAGE X {y | y > t} N p_space p) =
pos_fn_integral (distr p M X)
(Az. indicator_fn {y | y > ¢} z))

[PROB_le_eq]

FVp X =z
prob_space p A
vVn.

PREIMAGE X {y | z
p_space p € events p
PREIMAGE X {y | y <
PREIMAGE X {y | y <
PREIMAGE X {y | y <
events p) A
PREIMAGE X {y | y = z} N p_space p € events p A
(Vz. (Az. real (CDF p X z)) contl 2) =
(prob p (PREIMAGE X {y | y < z} N p_space p) =
prob p (PREIMAGE X {y | y < z} N p_space p))

1/7&UCn<yAy<z}tnN

M p_space p € events p A
M p_space p € events p A
/

A
z}
v}
z -1/ &SUC n} N p_space p €

<
<

[prob_neq_infty]
FVp s.
prob_space p A s € events p =
prob p s # PosInf A prob p s # Neglnf
[psfis_fun_mul]

FVmfalYy.
measure_space m A a € psfis m f A (WVy. 0 < Y y) =
Normal (Y y) X a € psfis m (Az. Normal (Y ) x f x)

[REAL_LE_NEG1_0]
F-1<0
[REAL_LE_NEG1_1]
F-1<1
[REAL_LT_NEG1_0]
F-1<0
[REAL_LT_NEG1_1]
F-1<1

[REAL_MAX_COMY|
FVAB. max A B=max B A
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[REAL_MIN_COMM|
VA B. min A B=mnin B A

[real_of _0]
F real 0 =0

[set_le_gt_disjoint]
F Vt. DISJOINT {y | y > t} {y | y < t}

[SIGMA_ALGEBRA_FN_Q]

F Va.
sigma_algebra a <=
subset_class (space a) (subsets a) A {} € subsets a A
(Vs. s € subsets a = space a DIFF s € subsets a) A
vf.

f € (Q_set —> subsets a) =

BIGUNION (IMAGE f Q_set) € subsets a

[sigma_algebra_pair_distr_lborel]

FVX Y p.
sigma_algebra
(m_space

(pair_measure (distr p lborel X) (distr p lborel Y)),

measurable_sets

(pair_measure (distr p lborel X) (distr p lborel Y)))

[sigma_algebra_pair_lborel]

F sigma_algebra
(m_space (pair_measure lborel lborel),

measurable_sets (pair_measure lborel lborel))

[sigma_finite_measure_distr]

FVvVp X.
prob_space p A
random_variable X p

(m_space lborel,measurable_sets lborel) =
sigma_finite_measure (distr p lborel X)
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